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Abstract. This report is a follow-up to Ref. 1 and presents
data, tables, and graphs relative to the optimal trajectories for
an aerospace plane. A single-stage-to-orbit (SSTO) configuration
is considered, and the transition from low supersonic speeds to
orbital speeds is studied for a single aerodynamic model (GHAME)
and three engine models.
Four optimization problems are solved using the sequential
gradient-restoration algorithm for optimal control problems: (PI)
minimization of the weight of fuel consumed; (P2) minimization of
the peak dynamic pressure; (P3) minimization of the peak heating
rate; and (P4) minimization of the peak tangential acceleration.
The above optimization studies are carried out for different
combinations of constraints, specifically: initial path
inclination either free or given; dynamic pressure either free or
bounded; tangential acceleration either free or bounded.
Key Words. Flight mechanics, hypervelocity flight,







This report is a follow-up to Ref. 1 and presents data,
tables, and graphs relative to the optimal trajectories for an
aerospace plane. A single-stage-to-orbit (SSTO) configuration is
considered, and the transition from low supersonic speeds to
orbital speeds is studied.
The aerodynamic configuration is the general hypersonic
aerodynamics model example (GHAME). For the engine model, three
options are considered: (EMI) this is a ramjet/scramjet
combination in which the scramjet specific impulse tends to a
nearly-constant value at large Mach numbers; (EM2) this is a
ramjet/scramjet combination in which the scramjet specific
impulse decreases monotonically at large Mach numbers; (EM3) this
is a ramjet/scramjet/rocket combination in which, owing to
stagnation temperature limitations, the scramjet operates only at
M < M,; at higher Mach numbers, the scramjet is shut off and the
aerospace plane is driven only by the rocket engines. Here,
M, = 15 is a threshold Mach number.
With the above understanding, we study four basic
optimization problems: (PI) minimization of the weight of fuel
consumed; (P2) minimization of the peak dynamic pressure; (P3)
minimization of the peak heating rate; and (P4) minimization of
the peak tangential acceleration. These optimization problems are
solved for different combinations of constraints imposed on the
initial path inclination 70, the dynamic pressure q, and the
w
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tangential acceleration a T . Specifically, Y0 can either be free
or given (Y0 = 0); q can either be free or bounded (q ! 1500
ibf/ft2);and a T can either be free or bounded (a T ! 3ge). A bound
on the heating rate Q (for example, Q ! 150 BTU/ft2sec) is not
imposed because it can be satisfied or nearly satisfied
indirectly if the dynamic pressure bound is satisfied.
The notations used in this report are identical to those









The following data are used in the numerical experiments on
optimal trajectories.
2.1. Spaceplane. For the aerospace plane, the initial weight
(weight at the end of the turbojet phase) is W 0 = 290000 ibf; the
reference surface area (wing area) is S = 6000 ft2; the lower
bound on the angle of attack is _£ = -2.0 deg; the upper bound on
the angle of attack is _u = 12.0 deg.
The aerodynamic configuration is the general hypersonic
aerodynamics model example (GHAME). For this configuration, Fig. 1
shows the drag coefficient CD, the lift coefficient C L, and the
lift-to-drag ratio E = CL/C D versus the Mach number M and the
angle of attack _.
2.2. Engines. For all engine models, the inclination of the
thrust with respect to the aircraft reference line is
= 0.0 deg; the lower bound for the power setting is B£ = 0; the
upper bound for the power setting is Bu= i.
Engine model EMI is a ramjet/scramjet combination with
combustor cross-sectional area S e = 400 ft 2. For B = 1 and for
engine model EMI, Fig. 2 (ramjet) and Fig. 3 (scramjet) show the
thrust T, the specific impulse Isp, and the fuel rate T/Isp
(weight of fuel consumed per unit time) versus the Mach number M
and the altitude h.
Engine model EM2 is a ramjet/scramjet combination with
combustor cross-sectional area S e = 400 ft 2. For 8 = 1 and for
m
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engine model EM2, Fig. 2 (ramjet) and Fig. 4 (scramjet) show the
thrust T, the specific impulse Isp, and the fuel rate T/Isp
versus the Mach number M and the altitude h.
Engine model EM3 is a ramjet/scramjet/rocket combination
with ramjet/scramjet combustor cross-sectional area S e = 400 ft 2
and maximum rocket thrust T,= 189200 ibf. For B = 1 and for
engine model EM3, Fig. 2 (ramjet), Fig. 5 (scramjet), and Fig. 6
(rocket) show the thrust T, the specific impulse Isp, and the
fuel rate T/Isp versus the Mach number M and the altitude h.
Note that engine model EM2 differs from engine model EMI as
follows: in EMI, the specific impulse tends to a nearly constant
value at large Mach numbers; in EM2, the specific impulse
decreases monotonically at large Mach numbers.
Also note that engine model EM3 differs from engine model
EM2 as follows: in EM2, the scramjet operates up to orbital
speeds; in EM3, the scramjet operates only at M _ 15; at higher
Mach numbers, the scramjet is shut off and the aerospace plane is
driven only by the rocket engines.
2.3. Physical Constants. The radius of the Earth is assumed
to be r e = 0.2093E+08 ft = 6378 km. The Earth's gravitational
constant is _ = 0.1409E+17 ft3/sec 2. The sea-level acceleration
of gravity is ge = 32.20 ft/sec 2.
2.4. Atmospheric Model. The atmospheric model used is the
US Standard Atmosphere, 1976 (Ref. 2). In this model, the values




intermediate altitudes, the density is computed by assuming an
exponential fit for the function p(h). This is equivalent to
assuming that the atmosphere behaves isothermally between any two
contiguous altitudes tabulated in Ref. 2.
2.5. Initial Conditions. The initial time is the end of the
turbojet phase and the beginning of the ramjet phase. At t = t O ,
we assume that
x 0 = 0 ft,
h 0 = 42004 ft = 12.8 km,
V 0 = 1936 ft/sec,
y0 = free or Y0 = 0.0 deg,







For engine models EMI and EM2, the
final time is the end of the scramjet phase; for engine model EM3,
the final time is the end of the rocket phase. At t = tf, we
assume that
xf = free, (2a)
hf = 262467 ft = 80.0 km,




yf = 0.0 deg,
Wf = free.







We study four basic optimization problems: (PI) minimum fuel
weight; (P2) minimum peak dynamic pressure; (P3) minimum peak
heating rate; (P4) minimum peak tangential acceleration.
In addition to the initial conditions (i) and the final
conditions (2), we'consider the following supplementary constraints:
(A) T0 = free, q = free, a T = free; (3a)
(B) T O = free, q ! 1500 lbf/ft 2, a T _ 3.0 ge; (3b)
(C) T O = 0.0 deg, q = free, a T = free; (3c)
(D) T O = 0.0 deg, q < 1500 ibf/ft 2, a T ! 3.0 ge" (3d)
Concerning the heating rate Q, we do not consider a bound
of the form Q < 150BTU/ft2sec because it can be satisfied or nearly
satisfied indirectly if the dynamic pressure bound is satisfied.
The following terminology is self-explanatory: Problem (PIA)
is Problem (PI) subject to conditions (A); Problem (PIC) is Problem
(PI) subject to conditions (C) ; Problem (P3A) is Problem (P3)





Numerical solutions for the optimization problems of Section 3
were obtained by means of the sequential gradient-restoration
algorithm (SGRA, Refs. 3-4) employed in primal form. We note
that there are four basic performance indexes [(Pl),
four combinations of supplementary constraints [(A),
and three engine models [EMI, EM2, EM3]. This leads to a total
of 48 optimization problems to be solved. A cross section of the
solutions obtained is shown in Tables 1-12 and Figs. 7-9 of this
report•
Tables 1-3 present summary results for groups of problems
and list the following quantities: the weight of fuel consumed;
the peak dynamic pressure; the peak heating rate; the peak
tangential acceleration; the initial path inclination; the time
duration of each segment of the trajectory; and the final time.
Tables 4-12 present detailed results for particular problems
and list the following quantities: the weight of fuel consumed
during the ramjet phase, the scramjet phase, and the rocket phase
as well as the total weight of fuel consumed; the flight time of
the ramjet phase, the scramjet phase, and the rocket phase as
well as the total flight time; the peak heating rate and the peak
dynamic pressure; the peak tangential acceleration, the peak
normal acceleration, and the peak total acceleration; the values
of the state variables at the beginning and at the end of each
segment of the trajectory•
(P2), (P3) , (P4)],
(B) , (C) , (D)] ,
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Figures 7-9 present detailed results for particular problems
and show the following quantities as functions of the time: the
altitude, the velocity, the path inclination, and the weight; the
angle of attack and the power setting; the heating rate, the
dynamic pressure, the tangential acceleration, and the total
aerodynamic load; the Mach number, the specific impulse, and the
thrust.
Regardless of how a particular optimal solution is generated,
the jud_oment of its engineering usefulness depends on whether
the following conditions are satisfied or nearly satisfied:
w
w
(i) Y0 relatively small; (4a)
(ii) q < 1500 Ibf/ft2; (4b)
(iii) Q < 150 BTU/ft2sec; (4c)
(iv) a T <_ 3g e. (4d)
To arrive at this judgment, it is appropriate to subdivide the
solutions of the problems studied into three groups.
Group G1 includes the solutions of Problems (PIA), (P2A),
(P3A), (P4A). These are solutions of the four basic optimization
problems obtained for engine model EMI and for constraints of
Type (A). Hence,y 0 is free, the dynamic pressure q is unconstrained,
and the tangential acceleration a T is unconstrained; the heating
rate Q is also unconstrained. Inspection of Table 1 and Tables 4-7





Group G2 includes the solutions of Problems (PIA), (PIB),
(PIC), (PID). These are solutions of the minimum fuel weight
problem obtained for engine model EMI and for constraints of
Type (A), (B), (C), (D), respectively. Inspection of Table 2,
Table 4, and Tables 8-10 shows that only one of the solutions of
Group G2 nearly satisfies the requirements (4). This is the
solution (PID).
Group G3 includes the solutions of Problem (PID) for engine
models EMI, EM2, EM3, respectively. Inspection of Table 3, Tables
10-12, and Figs. 7-9 shows that all of the solutions of Group G3
satisfy or nearly satisfy the requirements (4). In percentage of
the initial weight W 0 (weight at the end of the turbojet phase),
the minimum fuel weight is 34.3% for engine model EMI, 44.3% for
engine model EM2, and 60.7% for engine model EM3.
Assume now that the weight of fuel consumed during the
turbojet phase is 5% of the take-off weight. One concludes that,
in percentage of the take-off weight WT0, the minimum fuel weight
is 37.6% for engine model EMI, 47.1% for engine model EM2, and
62.7% for engine model EM3.
To sum up, if engine model EM2 is the one closer to reality,
the SSTO mission appears to be feasible; obviously, its ability to
deliver payloads into orbit can be improved via progress in the
areas of aerodynamic properties and specific impulse properties.
On the other hand, if engine model EM3 is the one closer to reality,
the SSTO mission appears to be marginal, unless substantial
w
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progress is achieved in the areas of aerodynamic properties and
specific impulse properties. Under the latter scenario, alternative
consideration should be given to studying the feasibility of
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Table I. Unconstrained solutions, engine model EMI,
various performance indexes, constraints of Type (A).
Quantity Problem Units
(PIA) (P2A) (P3A) (P4A)
(W0-W f)/W 0 0. 337 0. 347 0. 357 0. 550
max (q) 1540 999 1157 3751
max (Q) 165 161 98 495





Y0 42.0 50.0 40.4 38.3 deg
T 1 34 54 48 144 sec
_2 409 475 731 704 sec
8f 443 529 779 848 sec




Table 2. Constrained solutions, engine model EMI,
minimum fuel weight, various constraint combinations.
Quantity Problem Units
(PIA) (PIB) (PIC) (PID)
(W0-Wf)/W 0 0.337 0.340 0.339 0.343
max(q) 1540 1112 1765 1500
max(Q) 165 148 200 153





_0 42.0 39.4 0.0 0.0 deg
T 1 34 55 34 55 sec
T 2 409 498 335 487 sec
ef 443 553 369 542 sec
Wf = W 2 and 8f = e2 for engine model EM1.
m
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Table 3. Effect of the engine model, Problem (PID),




(W0-W f)/W 0 0. 343
max (q) 1500
max (Q) 153

















Wf = W 2 and 8
Wf = W 3 and @
f = 82 for engine models EMI, EM2.




Table 4A. Results for Problem (P1A), engine model EM1,



































(8 = 125.9 sec)
Peak dynamic pressure





0.1648E+03 Btu ft "2 sec" 1





(8 = 20.7 sec)
Peak normal acceleration
(8 = 62.5 sec)
Peak total acceleration















Table 4B. Results for Problem (P1A), engine model EM1,
minimum weight of fuel consumed,



























































Table 5A. Results for Problem (P2A), engine model EM1,
minimum peak dynamic pressure,
7o=free, q=free, aT=free.






































(8 = 39.5 sec)
Peak normal acceleration


















Table 5B. Results for Problem (P2A), engine model EM1,




























































Table 6A. Results for Problem (P3A), engine model EM1,
minimum peak heating rate,
7o=free, q=free, aT=free.







































(e = 33.9 sec)
Peak normal acceleration
(8 = 136.0 sec)
Peak total acceleration












0.1286E + 03 ft sec
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Table 6B. Results for Problem (P3A), engine model EM1,

























































Table 7A. Results for Problem (P4A), engine model EM1,


































(8 = 467.6 sec)
Peak dynamic pressure





0.4953E+03 Btu ft "2 sec "1
0.3751E+04 lbfft 2
Peak tangential acceleration
(8 = 478.1 sec)
Peak normal acceleration
(8 = 126.6 sec)
Peak total acceleration

















Table 7B. Results for Problem (P4A), engine model EM1,

























































Table 8A. Results for Problem (P1B), engine model EM1,
minimum weight of fuel consumed,





































0.1482E+03 Btu ft 2 sec "I
0.1112E+04 lbfft "2
Peak tangential acceleration
(8 = 122.7 sec)
Peak normal acceleration
(8 = 48.3 sec)
Peak total acceleration













Table 8B. Results for Problem (P1B), engine model EM1,
minimum weight of fuel consumed,

























































Table 9A. Results for Problem (P1C), engine model EM1,
minimum weight of fuel consumed,































(0 = 84.4 sec)
Peak dynamic pressure





























Table 9B. Results for Problem (P1C), engine model EM1,
minimum weight of fuel consumed,



























































Table IOA. Results for Problem (P1D), engine model EM1,
minimum weight of fuel consumed,































(8 = 210.4 sec)
Peak dynamic pressure





0.1528E+03 Btu ft "2 sec -1
0.1500E+04 lbfft 2
Peak tangential acceleration
(8 = 186.1 sec)
Peak normal acceleration
(8 = 1.1 sec)
Peak total acceleration













Table 10B. Results for Problem (P1D), engine model EM1,
minimum weight of fuel consumed,
























































Table 11A. Results for Problem (P1D), engine model EM2,
minimum weight of fuel consumed,































(8 = 226.3 sec)
Peak dynamic pressure





0.1575E+03 Btu ft 2 sec "1
0.1425E+04 lbfft 2
Peak tangential acceleration
(8 = 205.0 sec)
Peak normal acceleration
(8 = 2.7 sec)
Peak total acceleration














Table 1lB. Results for Problem (P1D), engine model EM2,
minimum weight of fuel consumed,


























































Table 12A. Results for Problem (P1D), engine model EM3,
minimum weight of fuel consumed,







































(8 = 139.4 sec)
Peak dynamic pressure





0.1100E+03 Btu ft "2 sec "1
0.1500E+04 lbfft "2
Peak tangential acceleration
(8 = 148.2 sec)
Peak normal acceleration


















Table 12B. Results for Problem (P1D), engine model EM3,
minimum weight of fuel consumed,
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